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I. INTRODUCTION 



Transverse-momentum dependent parton distributions (TMDs) have received a great at- 
tention in the last years as they represent key objects to map out the three-dimensional 
partonic structure of hadrons in momentum space. The dependence on the transverse mo- 
mentum of the quark allows for a full account of the orbital motion of the quarks and in- 
troduces non-trivial correlations between the orbital angular momentum and the spin of the 
quark inside nucleons with different polarization states. TMDs typically give rise to spin and 
azimuthal asymmetries in, for instance, semi-inclusive deep inelastic scattering and Drell- 
Yan processes, and significant efforts have already been devoted to measure these observables 
(see, e.g., Ref. [l| for a recent review). However, the extraction of TMDs from experimental 
data is a quite difficult task and needs educated Ansatze for fits of TMD parametrizations. 
To this aim, model calculations of TMDs play a crucial role and are essential towards an 
understanding of the non-perturbative aspects of TMDs. At leading twist there are eight 
TMDs, three of them surviving when integrated over the transverse momentum and giving 
rise to the familiar parton density, helicity and transversity distributions. Studies of the 
TMDs have been mainly focused on the quark contribution, and predictions have been ob- 
tained within a variety of models j2-32|. Despite the specific assumptions for modeling the 
quark dynamics, most of these models predicted relations among the leading-twist TMDs. 
Since in QCD the eight TMDs are all independent, it is clear that such relations should be 
traced back to some common simplifying assumptions in the models. First of all, it was 
noticed that they break down in models with gauge-field degrees of freedom. Furthermore, 
most quark models are valid at some very low scale and these relations are expected to 
break under QCD evolution to higher scales. Despite these limitations, such relations are 
intriguing because they can provide guidelines for building parametrizations of TMDs to be 
tested with experimental data and also can give useful insights for the understanding of the 
origin of the different spin-orbit correlations of quarks in the nucleon. 

The aim of this paper is to review these model relations and in particular to explain 
their physical origin. In Sec. II we give the formalism for the definition of the leading-twist 
TMDs, and introduce a convenient representation of the quark-quark correlator in terms of 
the net polarization states of the quark and hadrons. The model relations among TMDs are 
introduced and explained in details in Sec. III. In particular, there are two linear relations 
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and a quadratic relation which are flavor independent and involve polarized TMDs, while 
a further linear relation is flavor dependent and involves both polarized and unpolarized 
TMDs. 

The relations among polarized TMDs connect the distributions of quarks inside the nu- 
cleon for different conflgurations of the polarization states of the hadron and the partons. 
As a consequence, it is natural to expect that they can originate from rotational invariance 
of the polarization states of the system. Rotations are more easily discussed in the basis 
of canonical spin. Therefore, instead of working in the standard basis of light-cone helic- 
ity, we introduce in Sees. IV-A and IV-B the tensor correlator deflning the TMDs in the 
canonical-spin basis. Such a representation is used in Sec. IV-C to discuss the consequences 
of rotational symmetries of the system. In such a way we will be able to identify the key 
ingredients for the existence of relations among polarized TMDs in quark models. 
In order to complete the discussion, including the flavor-dependent relation among polarized 
and unpolarized TMDs, we need to introduce speciflc assumptions about the spin-isospin 
structure of the nucleon state. Therefore, in Sec. V we discuss the consequences of rotational 
invariance using the explicit representation of the TMDs in terms of three-quark (3Q) wave 
functions. In particular, in Sec. V-A we derive the overlap representation of the TMDs 
in terms of light-cone wave functions, while the corresponding representation in terms of 
wave function in the canonical-spin basis is given in Sec. V-B. In Sec. V-C we discuss the 
constraints of rotational symmetry on the nucleon wave function and, as a result, we give 
an alternative derivation of the flavor-independent relations among TMDs. Finally, in Sec. 
V-D we discuss the constraint due to SU (6) symmetry of the spin-flavor dependent part of 
the nucleon wave function. This additional ingredient allows us to explain the origin of the 
flavor- dependent relation. 

The formal derivation of the relations among TMDs is made explicit within different 
quark models in the flnal Sec. VI. There we review different quark models which have been 
used in literature for the calculation of TMDs. In particular, we discuss the key ingredients 
of the models, showing how and to which extent the conditions which lead to relations among 
TMDs are realized. A summary of our flndings is given in the flnal section. Technical details 
and further explanations about the representation in terms of nucleon wave functions are 
collected in three appendices. 
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II. TRANSVERSE-MOMENTUM DEPENDENT PARTON DISTRIBUTIONS 



Definitions 



In this section, we review the formahsm for the definition of TMDs, following the conven- 
3143 5l|. Introducing two lightlike four- vectors n± satisfying r2+ ■ n„ = 1, we 



tions of Refs. 



33 



write the light-cone components of a generic four- vector a as [a+, a , a_|_] with 
The density of quarks can be defined from the following quark-quark correlator 



a ■ n. 



^ab{x,k±,S) 



(2vr) 



'{P,S\MO)V(io., 
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+oo)'^(+oo,0 



?+=0' 



(1) 



where = xP^, ip is the quark field operator with a, h indices in the Dirac space, and U is 
the Wilson line which ensures color gauge invariance 36|. The target state is characterized 
by its four- momentum P and covariant spin four- vector S satisfying P^ = M^, S'^ = —1, and 
P ■ S = 0. We choose a frame where the hadron momentum has no transverse components 



P 



, 2P+ ) '-'J 



and so S 



q P+_ _ q M a 

^2 M ' '-'^ 2P+ ' '-'J 



with S 



1. From now on, we 



replace the dependence on the covariant spin four-vector S by the dependence on the unit 
three- vector S = {S±, S^). 

TMDs enter the general Lorentz-covariant decomposition of the correlator ^ab{x, k±, S) 
which, at twist-two level and for a spin- 1/2 target, reads 



M 



M 



IT ^jg- 75 + ihi 



2M 



, (2) 



where 



—e 



21 
T 



1, and the transverse four- vectors are defined as a i = [0,0,a_L]. The 



nomenclature of the distribution functions follows closely that of Ref. 33|, sometimes re- 
ferred to as "Amsterdam notation": / refers to unpolarized target; g and h to longitudinally 
and transversely polarized target, respectively; a subscript 1 is given to the twist-two func- 
tions; subscripts L or T refer to the connection with the hadron spin being longitudinal 
or transverse; and a symbol _L signals the explicit presence of transverse momenta with an 
uncontracted index. Among these eight distributions, the so-called Boer-Mulders function 
hj- 34 1 and Sivers function [s^] are T-odd, i.e. they change sign under "naive time- 
reversal" , which is defined as usual time-reversal but without interchange of initial and final 
states. All the TMDs depend on x and k^. These functions can be individually isolated 
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by performing traces of the correlator with suitable Dirac matrices. Using the abbreviation 
$[r] = Tr[$r]/2, we have 

k^, S) = h- /i^^, (3) 

$[^^^^1 (x, fc^, 5) = + ^ 9iT, (4) 

k^, S) = Sih + S,'^ hi^ + Si ''^^^^''^ hi^ + ^ /i^, (5) 

where j = 1, 2 is a transverse index, and 

hi = hiT + ^ /i^r. (6) 

The correlation function k±, S) is just the unpolarized quark distribution, which 

integrated over k± gives the familiar light-cone momentum distribution fi{x). All the other 
TMDs characterize the strength of different spin-spin and spin-orbit correlations. The precise 
form of this correlation is given by the prefactors of the TMDs in Eqs. ©-([S]). In particular, 
the TMDs gn and hi describe the strength of a correlation between a longitudinal/transverse 
target polarization and a longitudinal/transverse parton polarization. After integration over 
k±, they reduce to the helicity and transversity distributions, respectively. By definition, 
the spin-orbit correlations described by f^, giT, hj;, h^j^ and h-^j, involve the transverse 
parton momentum and the polarization of both the parton and the target, and vanish upon 
integration over k±. 

In the following we will focus the discussion on the quark contribution to TMDs, ignoring 
the contribution from gauge fields and therefore reducing the gauge links in Eq. ([T]) to the 
identity. 



B. Helicity and Four- Component Bases 

The physical meaning of the correlations encoded in TMDs becomes especially transpar- 
ent when using for the quark fields the expansion in terms of light-cone Fock operators. We 
consider in this study only the positive-frequency part of the quark field. The negative- 
frequency, corresponding to antiquark degrees of freedom, can be treated in a similar way. 
Moreover, we decompose the correlator into the different quark flavor contributions 

$ = 5^$,. (7) 
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Following the lines of Refs. 20|, |38|, |39|, we obtain at twist-two level 



$f k^, 5) = 1 {P, S\ J2 Qi'Ck) qxCk) Ml^l^'^lP, S), (8) 

A' A 

where Af = [2x{27Tff 6^^\0) and Mt^l^'^ = ULc{k, X')ruLc{k, X)/'2k+ with ULc{k,X) the 
free Dirac light-cone spinor (see App.|A]). The operators q\{k) and qx(k) respectively create 
and annihilate a quark with flavor q, light-cone helicity A, and light-cone momentum k = 
(xP+,fcx). 

We find very convenient to associate a four-component vector^ to every quantity with 
superscript T 

airi ^a''= (a°, a\ a^ a') ^ (al^+U'^'^'^^^U^^'^'^^^U'"^"^') • (9) 
Using this notation, we obtain 

with d"'^ = (1, cr) and cr the three Pauli matrices. Since and are diagonal, the corre- 
lators \x, k±, S) and '^'^\x, k±, S) have a simple probabilistic interpretation. The 
former gives the density in momentum space of quarks with flavor q irrespective of their 
polarization, while the latter gives the net density in momentum space of longitudinally 
polarized quarks with flavor q, i. e. the density of quarks with positive light-cone helicity mi- 
nus the density of quarks with negative light-cone helicity. On the contrary, the correlators 
^K-' "'^^(^x^ k±, S) do not have a simple interpretation in the quark light-cone helicity basis. 
One can however choose to work in another basis of light-cone polarization. The quark 
creation operators with light-cone polarization parallel or opposite to the generic direction 
s = (sin ^5 cos sin sin^^, cos6's) can be written in terms of quark creation operators 
with light-cone helicity A as follows 

{qis, = (d, ql)<(^sAs), (11) 

where the SU(2) rotation matrix u{6,(j)) is given by 

, cos|e-*<^/2 _ sin I e-i<^/2 ' 
uie, (/>)={ 2 ' • 12 

' in f 6^-^/2 cosfe^<^/2 ' 



^ Note this is not a Lorentz four-vector but Einstein's summation convention still applies. 
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In this way, we see that the correlators fc^, 5) and ^l^'^'^'^'^x, k^, S) Efive the 

net density in momentum space of quarks with flavor q and light-cone polarization in the 
direction e^. and Sy, respectively. Clearly, the net density of quarks with generic light-cone 
polarization s is given by the correlator s ■ ^q{x, k±, S). 

In the literature, one often represents correlators in terms of helicity amplitudes which 
treat in a symmetric way both quark and target polarizations 

Kx'Axi^^k^) = ^{P,A'\qi'Ck)qxCk)\P,A). (13) 

Decomposing the target states |P, iS) with light-cone polarization parallel or opposite to 
the generic direction S = (sin 6s cos (ps, sin 6s sin (ps, cos 6s) in terms of the target light-cone 
helicity states |-P, A) 

(|P, +5), |P, -S)) = (|P, +), |P, -)) u{6s, 05), (14) 
one obtains that the helicity amplitudes are given by the following combinations of TMDs 
( Wt + glL) '^{^hf'-htl) ^ {tA'r' + 91t) K \ 

2M (^^1 + \ (/l "~ 9il) 2AP ^IT 2M {^flT " dirj 

(15) 

where kjix = ± iky. The rows entries are (A'A') = (++), (+— ), ( — h), ( ) and the 

columns entries are likewise (AA) = (++), (H — ), ( — h), ( )• 

We find actually more convenient to represent the correlator ([8]) in the four-component 
basis by the tensor $^'^(x, fc_|_). This tensor is related to helicity amplitudes as follows 

K = \Y. i^n'^'^'i^Y' Kx',AX, Ky,AX = I $ r(^M)A'A(^.)AA', (16) 

A'AA'A 

where cx^ = g^yCJ^ with a'^ = (1, — <t). The symbols and satisfy the relations 

i {crY\^,)rr' = , ^Tr [a^a^] = \ 5^(a^)^'^(a.).v = 5^ (17) 

A' A 



^A'A',AA 
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The tensor correlator is then given by the following combinations of TMDs 
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^x-^l u-Lq ky q 

nii /l'2 ' ^IT' T\ /I ^ IT' 
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kx /,-L? 
M IL 


M "'IL iJlL / 
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M 'h 


M 'h 


\ 




ky r±q 
M JIT 




i^iT ~ ^ir) ^xky jf 


9lT 




M JIT 




ft-'? £.2 I /,+<? p ky 
"■IT '^x ' ''IT % M 




v 





kx uM 
M 'hL 


M "'IL i/lL / 



(18) 



where we introduced the notations hf^ = hl± hf,^ and = ki/k±. The component 
gives the density of quarks in the target irrespective of any polarization, i.e. the density 
of unpolarized quarks in the unpolarized target. The components give the net density 
of quarks with light-cone polarization in the direction ej in the unpolarized target, while 
the components give the net density of unpolarized quarks in the target with light-cone 
polarization in the direction e^. Finally, the components give the net density of quarks 
with light-cone polarization in the direction in the target with light-cone polarization in 
the direction e^. The density of quarks with definite light-cone polarization in the direction 
s inside the target with definite light-cone polarization in the direction S is then obviously 
given by k±, S,s) = ^ S^^'^^Sy, where we have introduced the four-component vectors 
= (1, S) and = (1, s). 

III. MODEL RELATIONS 

In QCD, the eight TMDs are in principle independent. It appeared however in a large 
panel of low-energy models that relations among some TMDs exist. At twist-two level, there 
are three flavor-independent relations^, two are linear and one is quadratic in the TMDs 

= 0, (19) 

sIt + htl = 0, (20) 
{gl^f + 2h'i ht^ = 0. (21) 

^ Other expressions can be found in the Uterature, but are just combinations of the relations p^ - (PT|) . 



""l ^ 2Af2 'hT 
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A further flavor- dependent relation involves both polarized and unpolarized TMDs 



9lL 



2hl 



(22) 



where, for a proton target, the flavor factors with q = u,d are given by = I and V 



As discussed in Ref. 



3' 



271], at variance with the relations f lT9|) -f l2T]) . the flavor dependence in 



the relation (122|) requires speciflc assumptions for the spin-isospin structure of the nucleon 
state, like SU{6) spin-flavor symmetry. 



A discussion on how general these relations are can be 



mention__that they were observed in the ba g m odel 
models 



20[, some quark-diquark models 



ba g m ( 

m 
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bund in Ref. 



27| . Let us just 



light- cone constituent quark 



13| . the covariant parton model ll| and 



more recently in the light-cone version of the chiral quark-soliton model 23j. Note however 
that there also exist models where the relations are not satisfled, like in some versions of the 



spectator model [26[ and the quark-target model |30|]. 

As already emphasized, the model relations f lT^ -f l2^ are not expected to hold identically 
in QCD, since the TMDs in these relations follow different evolution patterns. This implies 
that even if the relations are satisfled at some (low) scale, they would not hold anymore for 
other (higher) scales. The interest in these relations is therefore purely phenomenological. 
Experiments provide more and more data on observables related to TMDs, but need inputs 
from educated models and parametrizations for the extraction of these distributions. It is 
therefore particularly interesting to see to what extent the relations (|T9l)- (l22l) can be useful as 
approximate relations, which provide simplifled and intuitive notions for the interpretation 
of the data. Note that some preliminary calculations in lattice QCD give indications that 
the relation ( 120|) may indeed be approximately satisfled 
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Using two different approaches, we show in the next sections that the flavor-independent 
relations ( IT9l) -(!2T]) can easily be derived, once the following assumptions are made: 



1. the probed quark behaves as if it does not interact directly with the other partons 
[i.e. one works within the standard impulse approximation) and there are no explicit 
gluons; 

2. the quark light-cone and canonical polarizations are related by a rotation with axis 
orthogonal to both light-cone and kj_ directions; 



3. the target has spherical symmetry in the canonical-spin basis. 



From these assumptions, one realizes that the flavor- independent relations have essentially 
a geometrical origin, as was already suspected in the context of the bag model almost a 



decade ago [42|. We note however that the spherical symmetry is a sufficient but not neces- 
sary condition for the validity of the individual flavor-independent relations. As discussed 
in the following section, a subset of relations can be derived using less restrictive conditions, 
like axial symmetry about a specific direction. 

For the flavor-dependent relation fl22l) . we need a further condition for the spin- flavor de- 
pendent part of the nucleon wave function. Specifically, we require 

4. SU{6) spin-flavor symmetry of the wave function. 

As shown in Sec. IVIl it is found that all the models satisfying the relations also satisfy the 
above conditions. We are not aware of any model calculation which satisfies some or all the 
three flavor-independent relations and at the same time breaks at least one of the conditions 
1-3. However, this is not a priori excluded. 



IV. AMPLITUDE APPROACH 



The first derivation of the TMD relations stays at the level of the amplitudes. As we 
have seen, the TMDs can be expressed in simple terms using light-cone polarization. On 
the other hand, rotational symmetry is easier to handle in terms of canonical polarization, 
which is the natural one in the instant form. We therefore write the TMDs in the canonical- 
spin basis, and then impose spherical symmetry. But before that, we need to know how to 
connect light-cone helicity to canonical spin. 



A. Connection between Light-Cone Helicity and Canonical Spin 

Relating in general light-cone helicity with canonical spin is usually quite complicated, as 
the dynamics is involved. Fortunately, the common approach in quark models is to assume 
that the target can be described by quarks without mutual interactions. In this case the 
connection simply reduces to a rotation in polarization space with axis orthogonal to both 
A;^ and directions. The quark creation operator with canonical spin a can then be written 



10 



in terms of quark creation operators with light-cone hehcity A as follows 

A \kL sm I cos 2 y 

Note that the rotation does not depend on the quark flavor. The angle 6 between light-cone 
and canonical polarizations is usually a complicated function of the quark momentum k 
and is specific to each model. It contains part of the model dynamics. The only general 
property is that 6* — )■ as /c^ — ?■ 0. Due to our choice of reference frame where the target 
has no transverse momentum, the light-cone helicity and canonical spin of the target can be 
identified, at variance with the quark polarizations. 



B. TMDs in Canonical-Spin Basis 



The four-component notation introduced in sect. IIIBI is very convenient for discussing 
the rotation between canonical spin and light-cone helicity at the amplitude level. Since the 
light-cone helicity and canonical spin of the target can be identified in our choice of reference 
frame, we expect the canonical tensor correlator ^'^^ to be related to the light-cone one in 
Eq. ^ as follows 

^'Jq = ^ro;, (24) 

with O some orthogonal matrix 0^0 = 1 representing the rotation at the amplitude level. 
From Eqs. ( 1T3|) . (|T6l) . ( ITTl) and ( l23l) we find that the orthogonal matrix is given by 



0/ = ^Tt [D'^'^-la^D'^ma'] 



i E 



/l 









ky + kl cos 9 



—kxky (1 — cos( 
yo kx sin 9 





-kxky (1 — COS t 
kl + ky cos 9 
ky sin 9 



\ 

-kr sin 9 



-ky sin 6' 



cos 



(25) 
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The canonical tensor correlator then takes the form 

Jl M M '''1 ^ 

fM u+q l2 , l^-q p (u+i-h~'^)kk 
M JIT 'JlT '^s 'nT S V)lT 'hTj'^x'^y 



^'Cq 



q 

IT 



\ 



M J IT 





+q 

IT 



_ -L9 
M '>1L 



A T 'J 



M '>1L 



— b 



(26) 



0?L / 



where we introduced the notations 



ILL U 
M V 



COS 6 — sin 6 
sin 9 cos 9 



u+q 







)l 




)l 









(27) 
(28) 



cos 9 — sin 9 
sin 9 cos 9 

Comparing Eq. fl2B]) with Eq. fITH]) . we observe that the multipole structure is conserved 
under the rotation fl2^ . The rotation from light-cone to canonical polarizations affects only 
some of the multipole magnitudes, see Eqs. (l27Il and (l28!l . 

Note that the orientation of the axes in the transverse plane has been fixed arbitrarily. 
There is however a privileged direction given by the active quark transverse momentum 
k±. Choosing the orientation of transverse axes so that either k± = k±ex or k± = k± By 
simplifies the transformation, as it eliminates the cumbersome factors kx and ky in Eqs. (l25ll 
and (126|) . Choosing e.g the second option, the orthogonal matrix of Eq. (125|1 reduces to 

/ 1 \ 

10 

COS 9 — sin 9 

\ sine cos e / 



(29) 



and the light-cone and canonical tensor correlators take the following simpler forms 

' n ^ht' \ 

k^ r-±q ,~q 
M J IT ''IT 

h^j 
^hfl gl, I 



q 







M yiT 



V 



(30) 



^Cq 



M JIT "-IT 


















^+q fc± Q<? 

'J IT M yiT 



(31) 



0?L / 
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Fig. [T] shows graphically the connection between the TMDs and the matrix elements in the 
four- component (or net-polarization) basis. 




FIG. 1: Connection between the TMDs and the amphtudes in the net-polarization basis. The z-axis 
corresponds to the hght-cone direction. The y-axis in the transverse plane has been chosen parallel to the 
active quark transverse momentum k^. The arrows attached to the inner and outer spheres represent the net 
polarizations of the active quark and target, respectively, and absence of arrows represents the unpolarizcd 
case. Since we work in a frame where the target has no transverse momentum, there is no difference 
between target light-cone and canonical polarizations (purple outer arrows). TMDs in the light-cone basis 
are related to matrix elements where the quark net polarization is along the axes (blue inner arrows) , while 
in the canonical-spin basis the component of quark net polarization in the {y, 2)-plane is tilted with respect 
to the axes (red inner arrows), see text. 

Playing a little bit with Eqs. (E?]) and ([28]), we find 



'cos^ -sin^\ ('^[qIt + ^iI 



alL-htr / \sin^ cos^ / \ Ql^-^tr 




(32) 
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and three expressions invariant under the rotation ([2 

,2 /, .„x2 /I. , r, \2 



i^gi^y + {ht^Y = i^Qi^y + (^)^-)^ (33) 

ialL? + htlf = {gl,f + Dtlf , (34) 

91l 9\t + /^^l' = S?L 0?T + f)^L' ^X^- (35) 
These three invariant expressions have a simple geometric interpretation. The three- 
component vector ^Yui S^^^q = '^'s represents the net hght-cone polarization of a quark with 
three-momentum (xP"*", fc^) and flavor g in a target with net polarization in the S-direction. 
From Eq. (Elj), we see that the vector tt^^ representing the net canonical polarization of 
the quark is obtained by a rotation of tt^ 



^cs = 2^^tO'^. (36) 

k 

It follows automatically that tt^ ■ tt^, is invariant under the rotation fl24l) 

7r|-7r^, = 7r^^-7r^^,. (37) 

Expressions ( l33l) and ( 134|) are obtained from ( 1371) for the cases S = S' = e^^ and S = S" = e^, 
respectively. They just express the fact that the magnitude of quark net polarization is the 
same in the light-cone helicity and canonical-spin bases. Expression (135!) is obtained for 
the case S = e_<^ and S' = e^. All the remaining cases do not lead to new independent 
expressions. 



C. Spherical Symmetry 



We are now ready to discuss the implications of spherical symmetry in the canonical-spin 
basis. Spherical symmetry means that the canonical tensor correlator has to be invariant 
O^^^CqOr = under any spatial rotation Or = (or) with R the ordinary 3x3 rotation 
matrix. It is equivalent to the statement that the tensor correlator has to commute with 
all the elements of the rotation group ^cqOr = Or^cq- As a result of Schur's lemma, the 
canonical tensor correlator must have the following structure 

/A" \ 
fi« 
fi" 
\0 By 



(38) 
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r ) 




FIG. 2: Net light-cone polarization (thick blue arrows) associated to a quark with net longitudinal canonical 
polarization (thin red arrows), and its vector decomposition along the three axes, for fixed x and fcj^ but 
arbitrary direction k±. The x- and y-eomponents are pure dipoles, while the z-component is a pure monopole. 



Comparing this with Eqs. (1261) or ( l3Tj) . we conclude that spherical symmetry implies 

n = (39) 

htS = Kt = B\ (40) 



-L<? 
IL 



JIT ~ 'n 



0. 



(41) 



Clearly, only the monopole structures in the canonical-spin basis are allowed to survive. In 
particular, the Sivers and Boer-Mulders functions /{Ij? and h]^^ have to vanish identically. 
However, as one can see from Figs. [2] and [HI the monopole structures in the canonical-spin 
basis generate higher multipole structures in the light-cone helicity basis. It follows that 
spherical symmetry imposes some relations among the multipole structures in the light-cone 
helicity basis, and therefore among the TMDs. 

Inserting the constraints (l40l) and (14T]) into Eq. (1321) . we automatically obtain the linear 
relations^ <^ and ([20]) 

h'^?\ . ... 

(42) 



M \ 9lT ~T "-IL 



91l 



"'IT 



Using now the constraints from spherical symmetry in Eq. (133|) . we obtain the quadratic 
relation ([H]) 

= (l^ 9fTT + {hm' - {hiSY = % ValT? + 2/^1 h^^ . 



(43) 



^ One can also easily understand why spherical symmetry implies gi^ = +h'^rp and giT = —h^L directly 
from Fig. [T] If one performs a ^-rotation about the x-axis on the quark and target polarizations in the 
representation of giL, one gets the representation of h^rp. If one performs the same transformation on 
the representation of ^giT, one gets the representation of ^ hj^j^ but with one of the net light-cone 
polarizations in the opposite direction, explaining minus sign. 
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FIG. 3: In the first line is shown the net Ught-cone polarization (thick blue arrows) associated to a quark 
with net canonical polarization in the x-direction (thin red arrows), and its vector decomposition along the 
three axes, for fixed x and k± but arbitrary direction k±. The j/-component is a pure quadrupole, and the 
z-component is a pure dipole. The x-component is the sum of a monopole and a quadrupole, as illustrated 
in the second line. 

The linear relations ( |T9l) and ( l20l) being satisfied, the Eqs. ( l34l) and ( l35l) do not lead to 
independent quadratic relations. 

We have seen that spherical symmetry is a sufficient condition^ to obtain all three flavor- 
independent relations. At the same time, it tells us that the Sivers and Boer-Mulders 
distributions have to vanish identically. Restricting ourselves to axial symmetries, we flnd 
that some of the relations can already be obtained. For example, axial symmetry about 
alone implies f^ = hj^ = 0, the quadratic relation ( |2T1) and 

gl,glT + htlht^ = 0. (44) 

^ From Eqs. ((32)) and ([33]). one can see that the minimal conditions are actually 

(^0?T)' + (f)^?)'-ra'=O. 

They are indeed fulfilled by spherical symmetry, see Eqs. PO)) and (|4II) . 
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Axial symmetry about k± x implies the two linear relations ( !T9|) and ( 120|) . The relation 
(jS]) is naturally also satisfied but is not independent. 



V. WAVE-FUNCTION APPROACH 



Many quark models are based on a wave-function approach. We therefore translate here 
the derivation of the previous section in the language of 3Q wave functions. The advantage 
is that we can then also discuss the additional SU{Q) spin-fiavor symmetry needed for the 
fiavor-dependent relation (122|) . For convenience, we omit all the color indices in the following 
expressions. 



A. Overlap Representation of the TMDs on the Light Cone 



Restricting ourselves to the 3Q Fock sector, the target state with definite four-momentum 
P = [P+, ^p^, 0_l] and light-cone helicity A can be written as follows 

1^'^)= E E ^[H3[d'k^h^xXTCh,kM\{\,q^M)^ (45) 

A1A2A3 (?1(?2<?3 

where ■ip^^'i^^l^^(ki,k2,k3) is the three-quark light-cone wave function (3Q LCWF) with Aj, 
Qi and ki referring to the light-cone helicity, fiavor and light-cone momentum of quark i, 
respectively. The total orbital angular momentum of a given component 1^X1X2X3 given by 
the expression £^ = A — Ai — A2 — A3 with A, Aj = ±|. The integration measures in Eq. f l45|) 
are defined as 



[dx] 



[d'kj 



.*=i 

n 



\ 2(27r)= 



i=l 



(46) 
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Choosing to label the active quark with i = 1, the TMDs can be obtained by the following 
overlaps^ of 3Q LCWFs 



ft 



all 



hi 



k± f-i-q 



f 



M JIT 



M flT 



M 'h 



M 'hL 



2M2 "it 



d[23 
J d[23 
d[23; 
d[23 
d[23 
d[23 
d[23 
d[23; 



A2A3 92 

EEo«A?r-i«2rn' 

A2A3 (32 93 

A2A3 92 



A2A3 92 93 

A2A3 9293 



A2A3 9293 



A2A3 9293 
A2A3 9293 
A2A3 9293 

EE^M^sr)*«2r 

A2A3 9293 



where we used the notation 



d[23] = [dx\i[<l^kA]^?,5{x-xi)6^^\k^-ki^). 



(47a) 
(47b) 
(47c) 
(47d) 
(47e) 
(47f) 
(47g) 
(47h) 



(48) 



Clearly, the TMDs associated to the monopole structures (/j^, (7^^, /i^) are represented by 
overlaps with no global change of orbital angular momentum A^^ = 0, the ones associated 
to the dipole structures {f^,glj,, hf'^, hfl) involve a change by one unit of orbital angular 
momentum jAf^l = 1 and the one associated to the quadrupole structure (hf^) involves a 
change by two units of orbital angular momentum \ Aiz\ = 2. 



B. Overlap Representation of the TMDs in the Canonical-Spin Basis 

Most of the quark models being originally formulated in the instant form, it is more 
natural to work in the canonical-spin basis instead of the light-cone helicity basis. Since 



^ In the 3Q approach, the spectator system consists of two quarks. It is straightforward to generalize the 
expression for hehcity ampUtudcs to any kind of spectator system, as the latter is integrated out. 
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we considered a frame where the target has no transverse momentum, there is no difference 
between target hght-cone and canonical polarizations. Assuming that the quark light-cone 
helicity and canonical spin are connected by the rotation in Eq. f l23p . the components of the 
LCWF in the canonical-spin basis ip^^^^^,^ (with (jj =t, J,) and in the light-cone helicity basis 
'^\i\2M ("^ith Aj = ±) are related as follows^ 



V^Ai A2A3 



E, A ^(1/2)* ^(1/2)* ^(1/2)* 

1^0-10-20-3 (TiAl 0-2A2 0-3A3 



(49) 



0"10-20-3 



The correspondence between the components in the two polarization bases is given in a more 
explicit form in App. [Bl Using _D(i/2)t/}{i/2) _ -^^ ^j^g explicit overlap representations 

in canonical-spin basis 



M JIT 



M QlT 



d[23 
d[23 



llL 
2M2 9lT - 



= I d[23] 5^ 5^ [|<-f p + 

020-3 52 (J3 

020-3 5293 

020-3 i}2q3 

020-3 9293 

020-3 52 93 

020-3 9293 

020-3 9293 

020-3 9293 



Whi = J d[23 



d[23 



o"3 y ^to'20'3 

4.0-20-3 i T^^aiaz 



with f)+^ = f)^ + 2^ [^^^ and /i^^ = (3^ - [^^^. The functions g?^, g?^, f)^/, t)+^ 
related to the TMDs g\j^,g\j.^ hfl, K^j. according to Eqs. fl27|) and f l28|) . 



(50a) 
(50b) 
(50c) 
(50d) 
(50e) 
(50f) 
(50g) 
(50h) 

are again 



^ Note that "iAfficrao-a cannot be identified in general with the usual rest-frame wave function ^^^^^^g.^. They 
have the same spin structure, but not the same momentum dependence. 
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C. Spherical Symmetry 



We now discuss how spherical symmetry restricts the form of the wave function in the 
canonical-spin basis. Spherical symmetry requires the wave function to be invariant under 
any rotation, i.e. 

with the SU{2) rotation matrix u{9,(j)) given by Eq. fll2p . In particular, invariance under a 
(tt, 0)-rotation leads to 

r-^..-.,-., = (-1)^+-+-+- ^^^^^ (52) 

while invariance under (0, 0)-rotations implies that all components with 7^ have to 
vanish 

^ttt = ^ut = "iin = = = 0- (53) 

Taking into account the constraints fl52|) and f l53|) in an arbitrary (6', </))-rotation, one finally 
gets^ 

V'm + ^nt + ^Itt = 0- (54) 

Again, spherical symmetry implies that the TMDs are either identically zero or propor- 
tional to the unpolarized and polarized amplitudes A'^ and -B'^, 



n = A\ 


(55a) 




(55b) 


^ 2 


(55c) 




(55d) 




(55e) 




(55f) 


!^htl = - sines'^, 


(55g) 


fci ,±g_ cos^-1 

2M2 'nT — 2 ' 


(55h) 



''' Note that spherical symmetry neither restricts the number of non-zero components of the wave function 
in the hght-cone hehcity basis nor relates them in a simple way, see Table U in App. iBl 
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with A"^ and B"^ given by the following overlaps 
= I d[23] J2 [iV'lt 



t;q'?2g3|2 

nt I 



5« 



d[23] 5^ [iv^j^f + 1^: 



t;gg2g3 12 
nt I 



t;992ij3|2 
4tt I 



9293 



d[23]^[(^|| 



/,4';9g2g3 

^ttt ; nn 



Q2q3 



The TMD relations ([19])- ([2l]) then follow trivially. 



D. SU{Q) Spin-Flavor Symmetry 



(56) 



(57) 



Many quark models, in addition of being spherically symmetric, assume also the SU (6) 
spin-flavor symmetry. This symmetry restricts further the components of the wave function 
in the canonical-spin basis in the following way 



^t;gi92g3 

T^O-lt720"3 


uud udu 


duu 


m 


2(f) -4> 


-(f) 


tit 


-(f) 2(f) 


-(f) 


itt 


-(f) -(f) 


2(f) 



(58) 



with (f) = (f>{{ki}) some symmetric momentum wave function. This implies that the unpo- 
larized and polarized amplitudes A'^ and B'^ are simply proportional 

_ 2^"^ = I 5" = -6 fi"' = 12 j d[23] (59) 

and so the flavor-dependent relation (l22l) follows trivially with = B'^/A'^. 



VI. QUARK MODELS 



In this section we review different quark models which have been used for the calculation 
of TMDs. In particular, we summarize the main ingredients of the models and discuss 
whether they satisfy the conditions of Sec. Illli In order to facilitate the discussion, we sort 
the quark models in classes defined as follows: 

• The light-cone constituent quark model 
quark-diquark model (LCQDM) of Refs. 
models; 
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CCQM) of Ref. |20| and the light-cone 



13j constitute the class of light-cone 
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The covariant parton model of Ref. ll| constitutes its own class; 



The bag model of Refs. 
model (xQSM) of Refs. 



27 



23 



28 



43 



and the light-cone version of the chiral quark-soliton 
441 constitute the class of mean-field models; 



The quark-diquark models of Refs 
models. 



26| constitute the class of spectator 



We do not discuss the quark-target model of Ref. [30|| as it deals with gluons and therefore 
does already not satisfy the first condition of Sec. Illli 



A. Light- Cone Models 



The class of light-cone models is characterized by the fact that the target state is expanded 
in the basis of free parton (Fock) states. One usually truncates the expansion and considers 
only the state with the lowest number of partons. In the LCCQM, this lowest state consists 
of three valence quarks, while in the LCQDM it consists of a valence quark and a spectator 
diquark. 

It is well known that light-cone helicity and canonical spin of free partons are simply 



related by the so-called Melosh rotation 



45| . Its j = 1/2 and j = 1 representations 46| are 



given by (see App. |A]for the definition of the spinors and polarization four- vectors) 
i(i/2)*/r,N _ ULc{k,X)u{k,a) 



D 



o-A 




(60) 



'LC 



{k, A) ■ e{k, a) 



1 

N 



(- m) kR 
2 . 2 



{V2k+ + m) -V2{V2k 
V2 {V2 k+ + m) kL {V^k+ + my -k 

y/2{^/2k+ + m) kL 



kji 



\ 



kl 



-V2{V2k+ + m) kR 
^k+ + mf j 



(61) 



where m is the parton mass and = (v^^"*" + raY + k\. The LCWF in the canonical-spin 
basis being identified in these models with the instant-form wave function, it follows that 
•\/2/c+ = xAAq with M.0 = the mass of the free parton state and coi the free energy of 
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parton i. Comparing now Eqs. (160|) and (16T!) with Eqs. (l23l) and (lC9p . we obtain 

9 m + xMo . . e k± /an\ 

cos I = = — and sm | = -y=- [oz) 



'N " VAT 

Finally, both the LCCQM and LCQDM consider wave functions with spherical symmetry 
and SU (6) spin-flavor symmetry. In other words, all the conditions of Sec. IIIII are satisfied 
in these models, and so are the TMD relations (fT9l) - (!22l) . 

B. Covariant Parton Model 

The standard quark-parton model (QPM) refers to the infinite momentum frame (IMF), 
where the parton mass can be neglected. The covariant parton model is an alternative 
to the QPM that is not confined to a preferred reference frame. Following the standard 
assumptions of the QPM, the covariant parton model describes the target system as a gas 
of quasi-free partons, i.e. the partons bound inside the target behave at the interaction 
with the external probe (at sufficiently high Q"^) as free particles having four- momenta on 
the mass shell. However, since the covariant parton model does not refer specifically to the 
IMF, the parton mass® m is not neglected. One also assumes explicitly that the parton 
phase space is spherical. 

The covariant parton model does not refer explicitly to quark canonical spin or light- 
cone helicity. Instead, it deals with the covariant quark polarization vector. Identifying 
in the Bjorken limit the Lorentz structures of the hadronic tensor with those of the TMD 



correlator, the authors of Ref. 



ll| found that the TMDs are given in the covariant parton 



Note that the parton mass appearing in the model has to be regarded as an effective mass, in the sense 
that it corresponds to the mass of the free parton behaving at the interaction Uke the actual bound parton. 
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model by 




(63b) 



(63a) 



M JIT ~ 

^gl^ = (m + xM) J{dk'}, 
W hi' = 0, 

^^htl = -{m + xM) k^ j{dk'}, 



(63c) 



(63d) 



(63e) 



(63f) 



(63g) 



where M is the target mass, {dA;^} and {d/c^} are the measures associated to the distributions 
of unpolarized and polarized quarks, respectively. Comparing with Eq. ( 155|) . we find that 



which is nothing else than the Melosh rotation. This is consistent with the fact that the active 
quark is quasi-free in this model. The difference with light-cone models is that the physical 
mass of the target M is used in the Melosh rotation instead of the free invariant mass^ 
M-Q. The conditions 1-3 of Sec. IIIII are therefore satisfied in the covariant parton model, 
and so are the TMD relations fll9p - (PT]) . Since this model does not use the language of wave 
functions, the implementation of SU (6) spin-fiavor symmetry is more delicate and one has 
to assume that the unpolarized and polarized distributions become simply proportional in 
order to recover the TMD relation (!22|) . 

C. Mean-Field Models 

In mean-field models, the target is considered as made of quarks bound by a classical 
mean field representing the non-perturbative (long-range) contribution of the gluon field. 
Accordingly, the positive-frequency part of the quark field appearing in the definition of the 

^ In the covariant parton model, only the active parton is considered on-shell. In light-cone models, all the 
partons are on-shell so that the Fock state itself is off-shell Mq ^ AI. 



COS 2 = 




m + xM 



and 




(64) 
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correlator ([T]) is expanded in the basis of the bound-state solutions e~*'^"* <y9„(/c, o") instead 
of the free Dirac light-cone spinors e~^^'^ ULc{k,X). Moreover, one truncates the expansion 
to the lowest mode (/? = with energy Ei^^ = Ei. 

In these models, the bound-state solution ip{k, a) is called the quark wave function. This 
object is clearly different from the LCWF introduced in Sec. El In particular, the former is 
a spinor while the latter is an ordinary scalar function. It is however possible to relate them. 
Since we consider twist-2 Dirac operators F, only the good components of the spinors are 
involved in the quark bilinear Tp{k,a')T'^{k,a). Using v}q{X) = P+ULc{k, ^) / V2}/^k~^ (see 
App. El), we find that 

Tp{k, a')Tip{k, a) = if^k, a')P+^^VP+^{k, a) 

= 2^Px'a'{k)Fxa{k) , (65) 



where we have defined Fxa{k) = UQ{X)(p{k,a). In agreement with 471, |48| where one boosts 
explicitly the system in the mean-field approximation to the IMF, Exaik) can be interpreted 
as the quark LCWF with k^ = xM — Eie^. The mass M is identified with the nucleon mass 
Mtv in the bag model and with the soliton mass in the xQSM. 

The mean field is assumed spherically symmetric in the target rest frame. It follows that 
the lowest quark-state solution in momentum space takes the form 

^(fc,^)= 1^^'^'.^ (66) 

\k\ 



'■"^?(|fc| 



with Xa the Pauli spinor. The functions / and g in Eq. fl66|) represent the s {£ = 0) and 
p {£ = 1) waves of the bound-state solution. On the other hand, the general 3Q LCWF 
for a spin-1/2 target involves usually s-, p- and rf-waves. There is no contradiction between 
these two statements since / and g describe a single quark in the target and therefore do 
not represent partial waves of total angular momentum. Note also that in the language of 
3Q LCWF, the s-, p- and d-waves refer to components with = 0, ±1 and ±2, respectively. 
This is an abuse of language as partial waves should refer to i and not iz- 
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The quark LCWF corresponding to (l66l) is then given by^'^ 

fU*)^^f^<l*l>"^«<l''l* -«^<l*l' I . (67) 

It describes in particular how canonical spin a and light-cone helicity A are related^^. Com- 
paring with Eq. fl23|l . we find that 



COS ^ = and sm ^ = , — , 68 

With AT = p{\k\) + 2^^f{\k\)g{\k\) + g\\k\). The 3Q LCWF written as [lli ^a,.,(A;.) 
times the standard SU{Q) spin-flavor wave function with target polarization A = ^^Ui, is 
then consistent with spherical symmetry in the canonical-spin basis. All the conditions of 
Section UTTl being satisfied in mean-field models, the TMD relations f|T9|) -f l22|) follow auto- 
matically. 



D. Spectator Models 

The basic idea of spectator models is to evaluate the quark-quark correlator $ of Eq. ([T]) 
by inserting a complete set of intermediate states and then truncating this set at tree level 
to a single on-shell spectator diquark state, i.e. a state with the quantum numbers of two 
quarks. The diquark can be either an isospin singlet with spin (scalar diquark) or an 
isospin triplet with spin 1 (axial- vector diquark). The target is then seen as made of an 
off-shell quark and an on-shell diquark. Spectator models differ by their specific choice 
of target- quark- diquark vertices, polarization four-vectors associated with the axial-vector 
diquark, and form factors which take into account in an effective way the composite nature 
of the target and the spectator diquark. 

As advocated in Ref. 



49| . the parton distributions can conveniently be computed using 



the language of LCWFs. The scalar quark-diquark LCWF is defined as 

V'A (^) ^ ULcik, \)ysULc{P, A) (69) 



Replacing ip{k,a) by the free Dirac spinor cr), one recovers the Melosh rotation given by Eq. (150)) 
ul{X)u{k,cr) = V21/2/C+ Dl^l'^^*Ck). 



Defining the quark rest-frame wave function as in Refs. [47|, |48[ F^?^^{k) = u'^{k,(7')(p{k,a), one finds 
that F^^k) = [y/E + mf{\k\) + y/E — m g{\k\)^ Sa'a which is consistent with a being identified with 
canonical spin. 



26 



with target momentum P 



p+ ML n, 

' 2P+ ' -I 



. We do not need to specify all the factors in the 
definition as we are only interested in the structure of the wave function in the light-cone 
helicity basis. The scalar vertex is of the Yukawa type = gs{k^) 1 with Qsik"^) some form 
factor. Writing down explicitly the components, one finds 

\ kL m + xM 

\ / AA 

Note the striking resemblance with the Melosh rotation matrix of Eq. ( l60l) . One can similarly 
define a rest-frame scalar quark-diquark wave function as 



cx uik, (T)3^,M(Prest, A) = Qsik') y/2M {E + m) Sa, (71) 

with target momentum Prest = {M, 0). This wave function is obviously spherically symmetric 
Furthermore, Eq. (1701) suggests that the quark light-cone helicity and canonical spin are 



simply related by a Melosh rotation, as if the quark was free [50|]. In other words, the 
conditions 1-3 of Section IIIII are satisfied in scalar diquark models with Yukawa-like vertex, 
and so are the TMD relations (fT9|) -(l2B. 

The axial-vector quark-diquark LCWF is defined as 

^xxX^) oc ULcik, X)elc,iK, Az,)3^>lc(P, A). (72) 

The spectator model of Jakob et al. assumes the following structure for the axial-vector 
vertex = ^ 75 (7^^ -|- -^) and the following momentum argument for the polarization 
four- vector K = P. The motivation for such a choice is to ensure that, in the target 
rest frame, the diquark spin-1 states are purely spatial. Indeed, the rest-frame axial- vector 
quark-diquark wave function reads in this model 

oc u{k, a)e;{K, a^)3^XPrcst, A) = ^2M{E + m) (e., • a)^^ . (73) 

It satisfies the constraints flC13p and is therefore spherically symmetric. Writing down 



The rest-frame wave function in Eq. (|7ip is expressed in terms of canonical spin and therefore has the 
same spin structure as the LCWF expressed in the canonical-spin basis. It follows that the constraints 



due to spherical symmetry discussed in apppendix IC II apply also here. Furthermore, the momentum 
dependent part of the wave function in the rest frame does not depend on a specific direction. 
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explicitly the components of the corresponding LCWF, one finds 

iplo oc —j=- [m + xM) , -iIjZq oc ■=- kn, 

the other components being given by ipZx^x^ = (— (-j/)^^^)*, with A, A = ±| and 
Ad = +1,0,— 1. Again, one recognizes the characteristic factors of the Melosh rotation 50 1. 
Comparing the structure of the components of the LCWF in Eq. (!74|) with the structure of 
the components of the LCWF given in Table IIIII after applying the constraints of spherical 
symmetry in the canonical-spin basis (IClSp . one concludes that only the quark polarization is 
rotated. This is in agreement with the fact that the momentum argument of the polarization 
four-vector does not have any transverse momentum, and so there is no rotation of the 



diquark polarization. A 
diquark model of Ref. 



1 the conditions 1-3 of Section ITTTl being satisfied in the axial- vector 
3, the TMD relations ([I9])-([2ID follow automatically. The fiavor- 
dependent relation (122!) can be obtained by further imposing SU{6) spin-fiavor symmetry 
to the wave function^^. 

On the contrary, some versions of the spectator model presented by Bacchetta et al. in 
Ref. j26| do not support any TMD relation. We therefore expect that at least one of the 
conditions 1-3 of Sec. IIIII is not satisfied. These versions are based on the axial- vector vertex 
= ^ 7'^75 and involve the diquark momentum K = P — k in the polarization four- 
vector. With these choices, it is found that the condition 3 of Sec. IIIII is not fulfilled since 
the corresponding rest-frame wave function does not satisfy the requirements of spherical 
symmetry 

^ i^^n ■ <r).K , (75) 

in accordance with the discussions of Refs. 51rl53| and the comment in Ref. 26| that in this 



approach the partons do not necessarily occupy the lowest-energy available orbital (with 
quantum numbers = |^ and = 0.) 



The scalar and axial- vector diquarks represent in principle more than just two quarks. For this reason, they 
have a priori different masses, cutoffs, form factors, . . . When we impose SU (6) symmetry, we implicitly 
consider that the quark-diquark picture originates from a 3Q picture. The scalar and axial- vector diquarks 
then just differ by their spin and flavor structures which are uniquely determined by the SU{6) symmetry. 
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VII. CONCLUSIONS 



In this work we presented a study of the transverse-momentum dependent parton distri- 
butions in the framework of quark models. We focused the discussion on model relations 
which appeared in a large panel of quark models, elucidating their physical origin and impli- 
cations. In particular, there are in total four independent relations among the leading-twist 
TMDs: three of them are flavor independent and connect polarized TMDs, while a fourth 
flavor-dependent relation involves both polarized and unpolarized TMDs. 
We have shown that these model relations have essentially a geometrical origin, and can be 
traced back to properties of rotational invariance of the system. In particular, we identified 
the conditions which are sufficient for the existence of the flavor-independent relations. They 
are: 

1. the probed quark behaves as if it does not interact directly with the other partons 
[i.e. one works within the standard impulse approximation) and there are no explicit 
gluons; 

2. the quark light-cone and canonical polarizations are related by a rotation with axis 
orthogonal to both the light-cone and quark transverse-momentum directions; 

3. the target has spherical symmetry in the canonical-spin basis. 

For the flavor-dependent relation, one needs a further condition for the spin-flavor dependent 
part of the nucleon wave function. Specifically, it is required 

4. SU (6) spin-fiavor symmetry of the wave function. 

On the basis of the above assumptions, we were able to derive the model relations among 
TMDs within two different approaches. 

The first approach is based on the representation of the quark correlator entering the 
definition of TMDs in terms of the polarization amplitudes of the quarks and nucleon. Such 
amplitudes are usually expressed in the basis of light-cone helicity. However, in order to 
discuss in a simple way the rotational properties of the system, we introduced the repre- 
sentation in the basis of canonical spin. In this framework, we showed that the conditions 
1-3 are sufficient for the existence of all three fiavor-independent relations. We also showed 
that a subset of these three relations can be derived relaxing the assumption of spherical 
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symmetry and using the less restrictive condition of axial symmetry under a rotation around 
a specific direction. 

The second approach is based on the representation of TMDs in terms of quark wave 
functions. In particular, we expressed the TMDs as overlap of light-cone wave functions, 
and we derived the relation with the corresponding representation in terms of overlap of wave 
functions in the canonical-spin basis. After discussing the consequence of spherical symmetry 
on the spin structure of the wave function, we were able to obtain an alternative derivation 
of the relations among polarized TMDs. Finally, for the remaining relation among polarized 
and unpolarized TMDs, we used the SU{6) symmetry for the spin-isospin dependence of the 
nucleon wave function. 

The previous formal discussion has been made more concrete with examples from quark 
models which have been used in literature. Besides the specific assumptions for modeling the 
quark dynamics, these models can be sorted in different classes corresponding to light-cone 
models, the covariant parton models, mean-field models and spectator models. We have 
shown how and to which extent the conditions 1-4 are realized in these different models. In 
particular we verified that all the models satisfying the TMD relations also satisfy the above 
conditions, while models where the TMD relations do not hold fail with at least one of the 
above conditions. 

Finally, we remark that these relations are not expected to hold identically in QCD where 
TMDs are all independent. However, they provide simplified and intuitive notions for the 
interpretation of the spin and orbital angular momentum structure of the nucleon. As such, 
they can be useful for phenomenological studies to build up simplified parametrizations of 
TMDs to be fitted to data. Furthermore, the comparison with the experimental data will 
tell us the degree of accuracy of such relations, giving insights for further studies towards 
more refined quark models. 
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Appendix A: Spinors and Polarization Four- Vectors 

We collect in this Appendix the different types of free spinors and polarization vectors. 
The free canonical Dirac spinor u{k, a) and polarization four-vector e^{k, a) are given by 



u{k, a) 



m 



kcr 

\k\ 



(Al) 
(A2) 



m m{E + m) 

where Xt = il)^ Xi = ii)^ the polarization three-vectors are e^^jj, = (=i=l, —i,0) for 
Sz = ±1, and e0 = (0,0,1) for = 0. The free light-cone Dirac spinor ULc{k,\) and 
polarization four-vector e1(-,{k, A) are given by 



ULc{k,+] 



V23/2A;^ 



/ y/2k+ + m\ 
kn 

V2k+ -m 
\ kn J 



ULc{k, -) 



V23/2A;H 



/ -k, \ 

V2k^ + m 
kL 

\-a/2A;+ + mj 



eic{k,0) = - 



m 



k' 



2k+ 



(A3) 



(A4) 



with ej^-i- = ^ (=f1; —i)- Both types of spinors and polarization four-vectors coincide in the 
rest frame k^^st = 0) 



U{hest,0-) = ULc{krest,0-) = V 2m , , , 





(A5) 
(A6) 



The "good" light-cone spinors are the simultaneous eigenstates of the operator 75 and 
the projector P+ = \ 

1 (A 

P+ug{X) = ug{\), 75Mg(A) = Amg(A), ug{\) = j Xx, (AT) 
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and one can write 



A 



(A8) 



Appendix B: Components of the 3Q LCWF in the Light-Cone and Canonical Po- 
larization Bases 

Based on Eq. (149|) . Table [I] shows expHcitly how the components of the 3Q LCWF in hght- 
cone polarization basis are decomposed in the canonical-spin basis. We used for convenience 

TABLE L Decomposition in the canonical-spin basis tp'l_^^^^^ of the components of the 3Q LCWF in the 
hght-cone hehcity basis ipx-^x^x^ ■ The components are grouped according to the values of total orbital angular 
momentum i^- 
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the notations Zi = cos = kii sin ^ and rj = kiR sin ^ for the components of the rotation 
matrix D^^^^^* of Eq. ( I23l) . For example, from the first row of Table HI we have 

= Z1Z2Z3 ip]^ + Z1Z2I3 V'tr^ + ^1^22^3 ^t4-t + ^1^223 ^Itt 

+ /i/22;3 V^it + ^1^2/3 ^It4 + 2:1/2/3 + /1/2/3 i^lxx- (Bi) 

It is interesting to note that any single component of the 3Q LCWF in the canonical-spin 
basis contributes to all components in the light-cone helicity basis, and vice-versa. So even if 
one considers that the wave function has only components with = in the canonical-spin 
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basis, the components of the wave function in the hght-cone hehcity basis present all the 
values = ~l5 0,+l,+2, the orbital angular momentum being generated by the rotation 
matrices D^^i^'^* . 

Appendix C: Connection to a Quark-Diquark Picture 

We show in this Appendix how the 3Q picture can be connected to a quark-diquark 
picture. In the latter, one considers the whole spectator system as an object with the 
quantum numbers of two quarks, namely a diquark. One may also assume that this diquark 
does not contain any internal orbital angular momentum. From a 3Q picture, this amounts 
to set k2 = k^ = and m/j = 2m with fc^i and mj^ the light-cone momentum and mass 

of the diquark, and m the mass of a valence quark. 

1. Scalar Diquark 

The scalar diquark is obtained by coupling the two spectator quarks so to form a system 
with total angular momentum j = 0. The LCWF of the scalar quark-diquark system can 
be written in terms of the 3Q LCWF as follows 



The total orbital angular momentum of a given component ifj^ is given by the expression 
4 = A- A with A,A = ±|. 

The corresponding LCWF in the canonical-spin basis is defined through 




(CI) 




(C2) 



a 



and can consistently be written as 




(C3) 



The explicit decomposition of Eq. (IC2I) is displayed in Table HIl 
Spherical symmetry in the canonical-spin basis reads 




(C4) 
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TABLE II: Decomposition in the canonical-spin basis ip]^ of the components of the scalar quark-diquark 
LCWF in the light-cone helicity basis tpl^. The components are grouped according to the values of total 
orbital angular momentum i^. 
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4 = +i 
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4 = +i 




—r 
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and in particular implies 



^I^ = (-l)^-'^^^ (C5a) 
= 0, (C5b) 



in agreement with Eqs. (l52l) . ( 1531) and (1C3 



2. Axial- Vector Diquark 

The axial-vector diquark is obtained by coupling the two spectator quarks so to form a 
system with total angular momentum j = 1. The LCWF of the axial- vector quark-diquark 
system can be written in terms of the 3Q LCWF as follows 

~kD) = ^ ¥' ¥) + ^t+ik ¥' ¥)] ' (C6) 

The total orbital angular momentum of a given component V'aaj, is given by the expression 
4 = A- A- Ad with A, A = ±1 and Az) = +1, 0, -1. 

The corresponding LCWF in the canonical-spin basis is defined through 

^A^.=E'/^'^.^if^*^i?A., (C7) 

(JO- £3 
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with the rotation for the axial-vector diquark given by 

^ l+cos^jj k 
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t/O Ict ein , , ,, , , , ,, , 

2 2 2 

Provided that ^z)(^d) = we can consistently write the axial-vector quark-diquark 

LCWF in the canonical-spin basis as 



1 

V2 



(CIO) 



The explicit decomposition of Eq. ( ]C7I) is displayed in Table IIIII 

TABLE III: Decomposition in the canonical-spin basis V'Jctd of the components of the axial- vector quark- 
diquark LCWF in the light-cone helicity basis ipxxo ■ "T^*^ components are grouped according to the values 
of total orbital angular momentum i^- 
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Spherical symmetry in the canonical-spin basis reads 
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where 



u{e,4>) 



and in particular implies 
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in agreement with Eqs. (!52|) - fl54|) and ( IClOp . 
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